MAASS RELATIONS FOR GENERALIZED COHEN-EISENSTEIN 
SERIES OF DEGREE TWO AND OF DEGREE THREE 



SHUICHI HAYASHIDA 

Abstract. The aim of this paper is to generalize the Maass relation for general- 
ized Cohen-Eisenstein series of degree two and of degree three. Here the generalized 
Cohen-Eisenstein series are certain Siegel modular forms of half- integral weight, and 
generalized Maass relations are certain relations among Fourier- Jacobi coefficients of 
them. 



1. Introduction 

1.1. The generalized Cohen-Eisenstein series are certain Siegel modular forms of half- 
integral weight, which have been introduced by Arakawa |Ar 98] . Originally the Cohen- 
Eisenstein series have been introduced by Cohen |Co 75] as one variable functions. In 
the case of degree one, it is known that the Cohen-Eisenstein series correspond to the 
Eisenstein series with respect to SL(2, Z) by the Shimura correspondence. On the other 
hand, in arbitrary degree we can identify the generalized Cohen-Eisenstein series with 
Jacobi-Eisenstein series of index 1. Hence, we can expect some significant properties on 
the generalized Cohen-Eisenstein series. 

This article is devoted to show generalized Maass relations for generalized Cohen- 
Eisenstein series of degree two (Theorem ll.ip and of degree three (Theorem II. 4p . Here, 
the generalized Maass relations are certain relations among Fourier coefficients, and 
these relations are equivalent to certain relations among Fourier- Jacobi coefficients. 

It is known that a certain kind of Siegel modular forms of degree two are obtained 
from elliptic modular forms through the Saito-Kurokawa lift. Such Siegel modular forms 
are characterized by the Maass relation. The generalized Maass relations for generalized 
Cohen-Eisenstein series of degree three (Theorem 11.41) are applied for the images of 
the Duke-Imamoglu-Ikeda lift. It means that certain Siegel cusp forms of half-integral 
weight of degree three satisfy generalized Maass relations. These relations give a key of 
the proof for a certain lifting which is a lifting from pairs of two elliptic modular forms 
to Siegel modular forms of half-integral weight of degree two (cf. |H 11] .) This lifting 
has been conjectured in |H-I 05] . 
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Because generalized Maass relations in this paper are expressed as relations among 
Fourier- Jacobi coefficients, we shall explain the Fourier- Jacobi coefficients of Siegel mod- 
ular forms. Let F be a Siegel modular form of degree n of integral weight or half-integral 
weight, which is a holomorphic function on the Siegel upper half space £) n of size n. We 
consider an expansion: 



V V JJ SeSym* m 



where Sym^ denotes the set of all half-integral symmetric matrices of size m, and where 
( r ™T" u m ) e Tn-m e fin-m, u m e $)m and z e M n _ mjm (C). Then <p s is a Jacobi 
form of index S of degree n — m. The above expansion is called the Fourier- Jacobi 
expansion of F. Moreover, the above forms <ps are called Fourier- Jacobi coefficients of 
F. The generalized Maass relations are certain relations among and such relations 
are equivalent to certain relations among Fourier coefficients of F. 

The generalized Maass relations in this paper are identified to certain generalized 
Maass relations for Siegel-Eisenstein series of integral weight of degree three and of degree 
four. Actually this identification is a key of the proof of our result. As for generalizations 
of the Maass relation for Siegel-Eisenstein series of integral weight of higher degree, 
Yamazaki [Ya 86[ lYa 89] obtained certain relations among Fourier-Jacobi coefficients 
of Siegel-Eisenstein series of arbitrary degree. Our generalization is different from his 
result, because he showed relations among Fourier-Jacobi coefficients with integer index, 
while our generalization in this paper concerns with the Fourier-Jacobi coefficients with 
2x2 matrix index. In his paper [Ko 2] W.Kohnen gives also a generalization of the 
Maass relation for Siegel modular forms of even degree 2n. However, his result is also 
different from our generalization, because his result is concerned with the Fourier-Jacobi 
coefficients with (2n — 1) x (2n — 1) matrix index. 

For our purpose we generalize some results in [Ya 86} lYa 89] on Fourier-Jacobi co- 
efficients of Siegel-Eisenstein series of integer indices to 2 x 2 matrix indices. Here 
the right-lower part of these 2x2 matrices is 1, and we need to introduce certain 
index-shift maps on Jacobi forms of 2 x 2 matrix indices. For the calculation of the 
action of index-shift maps on Fourier-Jacobi coefficients of Siegel-Eisenstein series, we 
require certain relations between Jacobi-Eisenstein series and Fourier-Jacobi coefficients 
of Siegel-Eisenstein series. This relation is basically shown in [Bo 83} Satz7]. We also 
need to show certain identity relation between Jacobi forms of integral weight of 2 x 2 
matrix index and Jacobi forms of half-integral weight of integer index. Moreover, we need 
to show a compatibility between this identity relation and index-shift maps. Through 
these relations, the generalized Maass relation of generalized Cohen-Eisenstein series are 
equivalent to certain relations among Jacobi-Eisenstein series of integral weight of 2 x 2 
matrix indices. Finally, we calculate the action of index-shift maps on Jacobi-Eisenstein 
series of integral weight of 2 x 2 matrix index. Because of this calculation, we have to 
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restrict ourself to Jacobi-Eisenstein series of degree one or degree two. It means we have 
to restrict ourself to generalized Cohen-Eisenstein series of degree two or degree three. 

1.2. We explain our results more precisely. Let k be an even integer and be 

the generalized Cohen-Eisenstein series of degree n + 1 of weight k — ^ (see §4.31 for the 
definition.) 

For integer m, we denote by eC the m-th Fourier- Jacobi coefficient of nC^: 

' fe 2 

(n+l)( (T Z\\ (n) / x 27r v /= Tmo; 



m>0 
m=0,3 mod 4 



where r G Sj n and and where S^ n denotes the Siegel upper half space of degree n. 

It will be shown that e^ m belongs to Jv^i (cf. §4.3p . where J^_l denotes a certain 



subspace of , and J < f l \ denotes the space of all Jacobi forms of degree n of 

weight — \ of index m (cf. §2.61) . Because V^^T 1 belongs to the generalized plus-space 

k 2 

(cf. §4.3p . we have = unless m = 0, 3 mod 4. We note that we use the symbol 
instead of using ej^ 



ej^ instead of using m for the sake of simplicity. We remark that the weight of the 
form ej^ is not k, but k — ~. 

We define a function e^|4 n) of (r, z) G ^ n x C^' 1 ) by 



Here we regard e^ n L as zero, if ^ is not an integer or ^ ^ 0, 3 mod 4. Moreover, ^ 

denotes the Legendre symbol for odd prime p, and (|) := 0,1, —1 accordingly as a is 
even, a = ±1 mod 8 or a = ±3 mod 8. 

For any prime p, we introduce index-shift maps V p {1 \ and V$ in S3 which are 
certain linear maps 14 : J$P* ~> Ju i 2 an d : ■^P"'* — > 2 (* — 1>2). 

These maps are generalizations of the V^-map in [E-Z 85, p. 43] for half- integral weight 
of degree 1 and of degree 2. 

The problem now is to express ej^jV^ and ef^V^ as linear combinations of two 

forms ej^ and ej^jSp™^. For the degree n = 1 we obtain the following theorem. 
Theorem 1.1. For any prime p, we obtain 



The proof of this theorem will be given in £j6l 
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Let H®i{Z) = J2N C ( N ) e27TV ^ Itr(NZ) be the Fourier expansion of where N 

runs over all half-integral symmetric matrices of size 2. The identity in Theorem 11.11 is 

(2) 

translated to relations among Fourier coefficients of w. \ as follows. 

Corollary 1.2. For any prime p and for any half-integral symmetric matrix ^ ™ of 
size 2, we obtain 

C ( n f r A + (z^\ p k-2 C (n A 2k-3 C (w W 



_|_ I I p (J I r Z +P' . . ,„ 

where we regard C(M) as z/ £/ie matrix M is not a half-integral symmetric matrix. 

Because e^ m corresponds to a Fourier- Jacobi coefficient of Siegel-Eisenstein series of 
weight k of degree three, we can regard the above identity also as a certain relation 
among Fourier coefficients of Siegel-Eisenstein series of degree three. 

As the second corollary of Theorem 11.11 we have the followings. 

Corollary 1.3. We obtain 



n mjfr o 



T.(P 2 )- 



Here, in LHS we regard ujj aS a f unc ^ on °f T ^ while we regard it as 

a function of w G fix in RHS, and where Ti(p 2 ) denotes the Hecke operator acting on 
the Kohnen plus-space (cf. |Ko 80} p. 250] or §ff.3j) . 

The proof of Corollary 11.31 will be given in §6.31 

We now consider the case of degree n = 2. As for the Fourier- Jacobi coefficients of the 

(3) 

generalized Cohen-Eisenstein series U r i of de gree 3, we obtain the following theorem. 

fc ~2 

Theorem 1.4. For any prime p, we obtain 

fJ2) \vg)(T, z) = p {p 2k ~ 5 + 1) e® m (T,pz) + (egjSf )(r, z), 

W$)(t, z) = (p^ - p^) efl(r,pz) + (p^ + l)(eflm(r, z). 



fe {2) , 



(3) 

These identities can be also regarded as relations among Fourier coefficients of f-L i . 

2 

(2) (2) 

The expression of the Fourier coefficients of &\ m \V{ p (i = 1,2) will be given in the 



appendix §8.2 

(2) 

Because e k m corresponds to a Fourier- Jacobi coefficient of Siegel-Eisenstein series 
of weight k of degree four, we can regard these identities as relations among Fourier 
coefficients of Siegel-Eisenstein series of degree four. 
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Now, let T2 ) i(jo 2 ) and T2^{p 2 ) be Hecke operators which generate the local Hecke ring 
at p acting on the generalized plus-space of degree two. These T 2j i(p 2 ) and T 2j2 (p 2 ) 
are denoted as Xi(p) and p~ k+ 2X2(p) in [H-I 051 p. 513], respectively. As a corollary of 
Theorem 11.41 we have the following. 



Corollary 1.5. For any prime p we obtain 



K—i 



T 

u 



and 



H 

n 



(3) 
(3) 



T2AP 2 



T 

u 

T 

u 



-1/(3) 

((p 2k - 4 



T 

u 



p 



2k-6\ 



(3) 

Here, in LHS of the above identities we regard n k \ 



(p(p^ + l) +Tl (p 2 )), 



p(p2fe -5 + 1)Ti(p2)) _ 



T 

u 



as a function of ' r G i}2, 



while we regard it as a function of tu & f)i in RHS. The proof of this corollary will be 
given in §7.5| 



Remark 1.1 

We remark that Tanigawa |Ta 86} §5] has obtained the same identity in Corollary 11.21 
for Siegel-Eisenstein series of half-integral weight of degree two with arbitrary level N 
which satisfies 4|JV. He showed the identity by using the formula of local densities under 
the assumption p/N. In our case we treat the generalized Cohen- Eisenstein series of 
degree two, which is essentially level 1. Hence, our result contains the relation also for 
p = 2. 

Remark 1.2 

Corollary 11.31 follows from also the pullback formula shown by Arakawa |Ar 94|. The- 
orem 0.1], which is a certain formula with respect to Jacobi-Eisenstein series of index 1. 
In this paper we show Corollary 1 1.31 as the consequence of the generalized Maass relation 
of generalized Cohen-Eisenstein series of degree 3. 



This paper is organized as follows: in Sect. 2, the necessary notation and definitions are 
introduced. In Sect. 3, the relation among Fourier- Jacobi coefficients of Siegel-Eisenstein 
series and Jacobi-Eisenstein series is derived. In Sect. 4, a certain map from a subspace 
of Jacobi forms of matrix index to a space of Jacobi forms of integer index is defined. 
Moreover, the compatibility of this map with certain index-shift maps is studied. In 
Sect. 5, we calculate the action of certain maps on the Jacobi-Eisenstein series. We 
express this function as a summation of certain exponential functions with generalized 
Gauss sums. In Sect. 6, Theorem 11.11 and Corollary 11.31 will be proved, while we will 
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give the proof of Theorem 11.41 and Corollary 11.51 in Sect. 7. We shall give some auxiliary 
calculations as an appendix in Sect. 8. 



2. Notation and definitions 
R + : the set of all positive real numbers 

R(n,m) . th e set of n x m matrices with entries in a commutative ring R 
Sym* : the set of all half-integral symmetric matrices of size n 
Sym+ : all positive definite matrices in Sym* 
t B : the transpose of a matrix B 

A[B] := l BAB for two matrices A G R {n ' n) and B G R {n ' m) 
l n (resp. n ) : identity matrix (resp. zero matrix) of size n 
tr(S') : the trace of a square matrix S 
e(S) := e 27r v /r Ttr(5) f or a S q Uare matrix S 

rank p (a;) : the rank of matrix x G Z*™'" 1 ) over the finite field Z/pZ 

diag(ai, a n ) : the diagonal matrix I ■._ J for square matrices Oi, a n 

V On J 

\JA : the Legendre symbol for odd prime p 

(!) := 0, 1, —1 accordingly as a is even, a = ±1 mod 8 or a = ±3 mod 8 
M fc _i (rg n ^(4)) : the space of Siegel modular forms of weight k — ~ of degree n 
M+ 1 (^ n) (4)) : the plus-space of M fc _i (r[, n) (4)) (cf. [Ib~92j .) 

2 2 

: the Siegel upper half space of degree n 
8{S) := 1 or accordingly as the statement S is true or false. 



2.1. Jacobi group. For a positive integer n we define the following groups: 



GSp+(M) 
Sp n (R) 

r„ 



p(n) ._ 



r^(4) := 



{<7 G R( 2 "' 2 ") | 5 ( °» ) * 5 = nfo) ( ?;; ) for some nfc,) G 
{^GGSp,+ (M)|n(( 7 ) = l}, 

Sp n (R) nz (2 "' 2ri) , 



A B 
C D 



g r„ 
e r n 



C = T 



C = mod 4 



For a matrix g G GSp^(M), the number n(g) in the above definition of GSp^(IR) is called 
the similitude of the matrix g. 
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For positive integers n, r we define the subgroup G J nr C GSp+ +r (IR) by 



(A B \ 



G 



n,r 



u 

C D 



\ 



(in 



A l r 11 Xfj, + k 

In "A 

lr 



G GSp 



+ 

n+r 



where in the above definition the matrices runs over G GSp, 1 



U 
V 



GSp+(M), X,fie and « = *« e R (r > r \ 

A B 

We will abbreviate such an element ( c u D 



In A» 
'A l r t fX 'A/J+K 
In -A 



as 



x I rt Tr 1 , [(A,//),Kj 



V 



We remark that two matrices (c d) an d ( o v ) have the same similitude in the above. 
We will often write 



instead of writing ((^B) x l2r, [(A, for simplicity. We remark that the element 
(( c d ) > [(^j A 4 )' K D belongs to Sp n+r (R). Similarly an element 



In M 

*A l r 'ju *A^t+K 

In -A 
lr 



A £ 
U 

C D 



V 



will be abbreviated as 



[(A,*i),«],(2 X (o £))' 



and we will abbreviate it as ([(A, £*),«],($ B )) f° r the case U — V — l r . 
We set a subgroup of G^ r by 

Yi r := {(M,[(A,|i),«])GGi r |MGr B ,A,|iGZ^),«GZ^)} 



2.2. The universal covering groups GSp^(lR) and G J nl . We denote by GSp^(lR) 
the universal covering group of GSp+(M) which consists of pairs (M, y?(r)), where M is 
a matrix M = B) e GSp^(R), and where </? is any holomorphic function on S) n such 

that |y?(r)| 2 = det(M)~2| det(CY + D)\. The group operation on GSp+(IR) is given by 
(M, V (r))(M', V '(r)):=(MM', V (M'r) V '(r)). 
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We embed r[, n) (4) into the group GSp+(M) via M ->■ (M, 9^ 1 \Mt) ^(t) -1 ), where 
# (n) (r) := ^ e ( r [p]) is the theta constant. We denote by ro n) (4)* the image of 1^(4) 

in GSp^(IR) by this embedding. 
We define the Heisenberg group 

if n>1 (R) := {(l 2n ,[(\,fi),K])eSp n+1 (R)\\,fieR (n ^,KeR}. 

If there is no confusion, we will write [(A, //),«] for the element (l 2n , [(A, //), k]) for 
simplicity. 

We define the group 



Cn,i := GSp+(M) x H n>1 ( 

= {(M,[(A >A i),«])| MeGSp+(R),[(A,/x),«] e// n)1 ( 

Here the group operation on x is given by 

(M 1 ,[(A 1 ,// 1 ),« 1 ])-(M 2 ,[(A 2 ,/i 2 ),« 2 ]) := (MiM 2 , [(A', //), «;']) 

for (Mj, [(Aj, Ki\) G G J n l (i = 1,2), and where [(A', //), k'] G if ni i(R) is the matrix 
determined through the identity 

(Mi x ( n( ? l} !) , [(A 1 ^ 1 ), Kl ])(M 2 x ("(f) o) , [(X 2 ,^),k 2 }) 
= (MiM 2 x ( n ' Ml ' "' M2 ' °) , [(A', //), «/]) 

in G^ !- Here ra(Mj) is the similitude of Mj. 

2.3. Action of the Jacobi group. The group acts on ij n x C( n > r ) by 

7-(r,^) := B ^-t j \Ct + D)-\z + t\ + ^U^ 

for any 7 = x (ft ° ) , [(A, //),«]) G G£ r and for any (r, 2) G x C^. Here 

^G ^L)) ' T ' = ^ T ^ * s ^ ne USU& 1 transformation. 

The group G J n l acts on S) n x C*™' 1 ) through the action of G J n l by 
7-(r,z) := (Mx ("W °) , [(A, //),«])• (r, z) 

for 7 = ((M,^>), [(A, //),«]) G G^ and for (t,z) E Sj n x C^l Here n(M) is the 
similitude of Me GSp+l 
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2.4. Factors of automorphy. Let k be an integer and let M. G Sym^. For 7 = 
((cd) x ( v ) ' [(^' K ]) e r we define a factor of automorphy 

J fciA4 (7, (r, ^)) := det(^) fc det(Cr + _D) fe e^A^^CV + + r A + //])) 

xe(-F _1 .MEf(*ATA + **A + l \z + '//A + *A/x + «)). 
We define a slash operator j*.^ by 

{())\k,Ml)( T i z ) : = J fe,M(7 ; (t, *))~V(7 • ( T > *)) 
for any function on x C^ n ' r ^ and for any 7 G G^ r . We remark that 

4,^(7172, (t,z)) = JkMilu^- (r,z))J k)Vi -i MUl (j 2 ,( r : z ))i 
<P\k,Ml^2 = (0kM7i)L,y-U«/i72- 

for any 7i =(M ! x(^J), [(A,, ^), e G^ r (i = 1,2). 

Let and m be integers. We define a slash operator | fe _i m for any function on 

*3 n x C^- 1 ) by 

<P\k-\, m l ■= 4-i,m(7, (t,*))~V(7 • (t, z)) 
for any 7 = ((M, </?), [(A, /i), «]) G x . Here we define a factor of automorphy 
J k _ hm (j,(r,z)) := ^r) 2fc - 1 e(n(M)m(((Cr + J D)- 1 C)[z + rA + /.])) 

xe(-n(M)m(*ArA + l z\ + *A;z + *//A + *A/i + re)), 
where n(M) is the similitude of M. We remark that 

^-I, m (7l72, (T,Z)) = J k -i tm (il,i2'(T,z))J k (72, (t, z)) 

0lfc-i,mfl72 = (0lfe-imfl)lfc-i,n(M 1 )m72 

for any 7* = ((M*,^), [(A i; //*), re;]) G (z = 1,2). 

2.5. Jacobi forms of matrix index. We quote the definition of Jacobi forms of ma- 
trix index from |Zi 89] . For an integer k and for an matrix M. G Sym^T a C- valued 
holomorphic function on $y n x C < - n ' r ) is called a Jacobi form of weight k of index Ai 
of degree n, if <fi satisfies the following two conditions: 

(1) the transformation formula (j)\k,Ml = 4> for any 7 G r^ r , 

(2) <fi has the Fourier expansion: <p(r, z) = 

4N-RM~ U R>0 

We remark that the second condition follows from the Koecher principle (cf. |Zi 89} 
Lemma 1.6]) if n > 1. 

(n) 

We denote by J k M the C- vector space of Jacobi forms of weight k of index M. of 
degree n. 
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2.6. Jacobi forms of half-integral weight. We set the subgroup of G J ll by 
r£i := {(M*,[(A,/i), K ])GGf 1 |M*Gr( n) (4r, A^GZ^^GZ} 
= rj n) (4)* x H nA (Z), 
where we put H nA (Z) := fln,i(R) H z( 2n+2 - 2n+2 ). Here the group rj, n) (4)* was defined in 



For an integer k and for an integer m, a holomorphic function on fj n x C ( - n ' 1 - ) is called 
a Jacobi form of weight k — | o/ index m, if satisfies the following two conditions: 

(1) the transformation formula 0| fc _i m 7* = for any 7* G r^* 1; 

(2) 4> 2 \2k-i,2m1 has the Fourier expansion for any 7 G T^: 



2fc-l,2m 



4ATm-iJ t _R>0 

with a certain integer /i > 0, and where the slash operator \2k-i,2m was defined 
in 3231 

We denote by m the C-vector space of Jacobi forms of weight k — | of index m. 

2.7. Index-shift maps. In this subsection we introduce two kinds of maps. The both 
maps shift the index of Jacobi forms and these are generalizations of the VJ-map in the 
book of Eichler-Zagier |E-Z 85] . 

We define two groups GSp+(Z) := GSp+(R) n Z( 2n < 2n ) and 

GSp^fz) := |(M,^)GGSp+(k) M G GSp+(Z)| . 

First we define index-shift maps for Jacobi forms of integral weight of matrix index. 
Let Ai = (X *) G Sym^. Let X G GSp^(Z) be a matrix such that the similitude of X 
is n(X) = p 2 with a prime p. For any <fi G J^m we define the map 

u,ve(z/pZ)( n ^ Mer n \r n xr n ^ Vooop/ / 

where (0, u),(0, v) G (Z/pZ)^ n,2 \ The above summation is a finite sum and do not 
depend on the choice of the representatives u, v and M. A straightforward calculation 
shows that <p\V(X) belongs to J^ M ^ P ov- Namely V(X) is a map: 

V{X) : J kM^J^ M[ (P* x y 
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For the sake of simplicity we set 

V a ,n-a(p 2 ) ■= ^(diag(l«, pl n -a, P^a, P^n-a)) 

for any prime p and for any a (0 < a < n). 

Next we shall define index-shift maps for Jacobi forms of half-integral weight of integer 
index. We assume that p is an odd prime. Let m be a positive integer. Let Y = (X, if) G 

GSp^(Z) be a matrix such that the similitude of X is n(X) = p 2 . For ip G Ji_ \ m we 
define the map 

tP\V(Y) := n(X)^-^ J2 ^L-i, m (MJ(0,0),0 n ]), 

where the above summation is a finite sum and does not depend on the choice of the 
representatives M. A direct computation shows that ip\V{Y) belongs to J^_i mp 2- F° r 
the sake of simplicity we set 

V a: n- a (p 2 ) ■= V((di&g(l a ,pl n _ a ,p 2 l a ,pl n _ a ),p a/2 )) 

for any odd prime p and for any a (0 < a < n). 

As for p = 2, we will introduce index-shift maps V a ^ n - a (A) in §4.6[ which are maps 
from a certain subspace J, * of J,\ to j\ n \ . . 

k—^,m k—^,m fc— 2,4m 

3. Fourier Jacobi expansion of Siegel-Eisenstein series with matrix 

index 

In this section we assume that k is an even integer. 

For Ai G Sym^" and for an even integer k we define the Jacobi-Eisenstein series of 
weight k of index M. by 

E KM ■= E E lk^([(A,0),0],M). 

Mer£\r n AeZ^ 2 ) 

The Jacobi-Eisenstein series E^ M is absolutely convergent for k > n + 3 (cf. |Zi 89] ). 
The Siegel-Eisenstein series 

4 n) of weight k of degree n is defined by 

(C,D) 

where Z G $) n and (C, D) runs over a complete set of representatives of the equivalence 
classes of coprime symmetric pairs of size n. Let 

4 n) ((^)) = E 4 l M 2 \r,z)e(Mu) 

M&Sym^ 
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be the Fourier- Jacobi expansion of the Siegel-Eisenstein series weight k of degree 

n, where r G f) n _2, G i} 2 and z G C^™ -2,2 ). 

The explicit formula for the Fourier- Jacobi expansion of Siegel-Eisenstein series is 
given in |Bo 831 Satz 7] for arbitrary degree. The purpose of this section is to express 
the Fourier- Jacobi coefficient e^J^p for Ai = ( * * ) G Sym^ as a summation of Jacobi- 
Eisenstein series of matrix index (Proposition 13.31 ) 

First, we obtain the following lemma. 

Lemma 3.1. For any A G GL n (%) we have 



E. 



( n ) -v^ — p( n ) 

k,M 



and 

Proof. The first identity follows directly from the definition. The transformation formula 
^" +2, (C" A ){h ^C" ^))=^ +2 »((; gives the second identity. 

□ 

Let m be a positive integer. We denote by D the discriminant of Q(\/— m), and we 



put / := y p^j- We note that / is a positive integer if — m = 0, 1 mod 4. 

We denote by h k _i(m) the m-th Fourier coefficient of the Cohen- Eisenstein series of 
weight k — ~ (cf. Cohen |Co 75] ). The following formula is known (cf. |Co 75] , |E-Z 85] ): 

'Vi(l^o|)m fe -lE d | / /i(rf)(f)^V 3 _ 2fc (a, if-m = 0,l mod4, 
0, otherwise, 

where we define o~ a (b) := d a . 

d\b 

We assume — m = 0, 1 mod 4. Let D and / be as above. We define 

g k (m) := ^/i(d)Vf (^J . 

d\f 

We will use the following lemma for the proof of Theorem 11.11 and Theorem 11.41 

Lemma 3.2. Let m be a natural number such that —in = 0, 1 mod 4. Then for any 
prime p we have 



g k (p 2 m) = [P - [ — )P ) 9k{m) 
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Proof. Let Dq, f be as above. We have 

ViN = Vi(IA)|)|A,r f n{^-3^ 

91/ L V q J } 

where q runs over all primes which divide /, and where we put l q := ord 9 (/). In 
particular, the function h k _i(m)( y h k _i(\D \)\D \ k ~%)~ 1 is multiplicative with respect to 
/. We have also 



Thus 



Vf(IA)l^)- Vi(IA>l^- J ) 

h k _i(\D \)\D \ k -l (qW-W* - (^j g*-2+(2fe-3)(i e -i)^ 



u 3l -r h k _i(\D \q 21 ") - h k _i(\D \q 2 
g k ( m ) = h k 1 (\D \)\D \ k -^T]-^ — k_^yiiH_ 



91/ 



2 



= h k _i(\D \)\D \ k -l H ( q W-W« - . 

q{f \ \ 9 / / 

The lemma follows from this identity, because f~jjp) = if p\f; C~jrj = ^ PJ(f- 

□ 

We obtain the following proposition. 

j j G S'ymJ we pu£ m = det(2.M). Lei D , f be as 

above. If k > n + 1, then 

d\f 

where we chose a matrix Wd € GL2(Q) D iP^ for each d which satisfies the condi- 



tions &et(Wd) = d and W d 1 Ai t Wd 1 = ^ lj ^ ^V m 2 ■ The above summation is 
independent of the choice of the matrix Wd- 

Proof. The Satz 7 in |Bo 83j is the essential part of this proof. For A4' G Sym^ we 
denote by a k {M.') the .A/f-th Fourier coefficient of Siegel-Eisenstein series of weight k of 
degree 2. We put 

M£(Z)* := {N e Z (2 ' 2) | det(iV) ^ and there exists V = ( * * ) e GL n (Z)} . 



* * 
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We call a matrix iV G Tp 1 ^ 'primitive if there exists a matrix V G GL n (Z) such that 
V = (JV *). From jBo 831 Satz 7] we have 

NieMg(Z)*/GL(2,Z) N3& (n-2,2) 
N- 1 M t N 1 - 1 eSym+ (J^) -.primitive 

where we define 



f(M, Nx, N 3 ; t , z) 

det(Cr + D)- 



' A BW(«-2)\ r 



x e(M {-z(Ct + D)~ x Cz + l z{Cr + D)~ 1 N 3 N{ 1 
+ t N 1 ~ lt N 3 t (Cr + D)- l z + ^r^JVg^r + B)(Cr + Dj^JVaJVf 

For positive integer I we chose a matrix Wi G Z^ 2,2 * 1 which satisfies three conditions 



det(Wj) = I, Wi X M l Wi 1 G Sym+ and W^M'Wi' 1 = (* * I . Because of these 

conditions, W 7 ; has the form W 7 ; = ^ ^ J with some a; G Z. The set WjGL(2, Z) is 

uniquely determined for each positive integer / such that l 2 \m. 
Thus 

e i,.M ^( r ' z ) 

= ^aJCA^Wf 1 ]) E /(MWi,JV 8 (gS);r,z) 



( 2 |m 



^a^^r^r^EM^) E fiM^itDu^N^zw^ti 



a 0\-U 



( 2 |m 



Therefore 



E °"(^ w 1 ] ) E m<o 4!mV( a i )i (r ' ^ ( a " 1 } } 

i a\l 
l 2 \m 

E ^[W 1 ]^'^ S M^iMfWf 1 J]). 

d d a 

d 2 |m « 2 I^ 
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Here we have a^(M') = h k _i(det(2M')) for any M = ( t* ) G SymJ. Moreover, if 
m ^ 0, 3 mod 4, then h k _i{m) = 0. Hence 

d a 
d\f a\l 

Therefore the proposition follows. □ 



4. Relation between Jacobi forms of integer index and of matrix index 
In this section we fix a positive definite half-integral symmetric matrix M. G Sym^, 
and we assume that Ai has a form Ai — ( i ^ with integers I and r. 

V2 r 1 J 

The purpose of this section is to give a map l_m, which is a map from certain holo- 
morphic functions on Sj n x C*™' 2 ) to holomorphic functions on S) n x C^"' 1 '. 

The restriction of l m gives a map from a certain subspaces J^j^ of m to a certain 
subspace J^t .,„.,, of jj; n \ (cf. Lemma I4~2l) . Moreover, we shall show the 

— 2 ; QGt ^zyvl J ft, — — j det yZJ\/[ j 

compatibility of the restriction of this map ij^ with index-shift maps which shift indices 
of spaces of Jacobi forms, (cf. Proposition 14.31 and Proposition |4.4p . Furthermore we 
define index-shift maps for J^_l dct(2M) a ^ P = % through the map l m (cf. §4.6j) . 

4.1. An expansion of Jacobi forms of integer index. In this subsection we shall in- 
troduce certain spaces M£(r n ), J k i and jj?^* ■ Moreover, we consider an expansion 
of Jacobi forms of integer index. 

The C- vector subspace M k (T n ) of M k (T n ) denotes the image of the Ikeda lifts in 
M k (T n ). We remark that this subspace M k (T n ) contains the Siegel-Eisenstein series 
E [ k n) . In the case n = 2, the space Mjt(r 2 ) coincides the Maass space. 

We denote by jj^ the space of Jacobi forms of weight k of index 1 of degree n (cf. 
§2.5p . The C- vector subspace jj^i^* of denotes the image of M k (T n ) through 

the Fourier- Jacobi expansion with index 1. Moreover, the C- vector subspace J k ^* of 

J k jJi denotes the image of M k (T n ) in J^jjf 1 through the Fourier- Jacobi expansion with 
index Ai, where Ai is a 2 x 2 matrix. 

Let (j)i(r,z) G J^i^ be a Jacobi form of index 1. We regard 0i(r, z) e(u) as a 

holomorphic function on Sj n , where r G $) n -ii z G C^ -1 ' 1 ) and to G Sji such that 
G S) n . We have an expansion 



T Z ' 
' Z UJ , 



(j) 1 (T,z)e(w) = ',z')e(Su'), 



SeSym^ 

Hit) 
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where r' G $) n -2, z' G C (n ~ 2 ' 2 ) and u/ G S) 2 such that (t z z u ) = *',) G i} n . Because 
the group r^_ 22 is a subgroup of r^_ 11; the form 05 belongs to J^g ■ We denote this 
map by FJ^s, namely we have a map 

dt . j(n-i) v t(i-2) 
^1,5 • "4,1 J k>S ■ 

4.2. Fourier-Jacobi expansion of Siegel modular forms of half-integral weight. 

The purpose of this subsection is to show the following lemma. 

Lemma 4.1. Let F{t z ^) = Xlmez 0m( r 5 z)e(muj) be a Fourier-Jacobi expansion of 
F G M k _i (r[, n+1) (4)) ; where r G S) n , u G #i and 2 G C^' 1 ). T/jen <p m G m /or any 
natural number m. 

Proof. Due to the definition of Jv_i , it is enough to show the identity 

tf (n+1 H7-(^)K (n+1) ((4:)r 1 = 9^\{H)-r)9^{r)- x 

for any 7 = (($ g) , [(A,//), «]) G T^, G such that r G £„, w G #1. Here 

and 0< n ) are the theta constants (cf. S CT ) 
For any M = (# g) G rj, n+1) (4), it is known that 

(0(«+i)(M . Z) ^^(Z)- 1 ) 2 = det(C"Z + £>') ( -r— ^ , 
v 7 \ det D' J 

where Z G $) n +i- Here ( dct ^,, ) ( = (— 1) 5 ) is the quadratic symbol. Hence for any 

7=((ob). /4 K D e r n,l We ° btain 

(^"+ 1 )( 7 .Z)^" +1 )(Z)- 1 ) 2 = det(Cr + D) (-^) , 

where Z = ( I z * ) G io n+ i with r G fj n . In particular, the holomorphic function ^qw^P 
does not depend on the choice of 2 G C^"' 1 ^ and of a; G iji. We substitute z = into 

'ward calculation shows 

(w+1) (7-(5S)) ^ (w) ((^g)^) 
0<»+i>((52)) 0<»>(r) • 

Hence we conclude this lemma. □ 

4.3. The map cr and the subspace J^_i m - In this subsection we introduce general- 
ized Cohen-Eisenstein series H^ 1 ^ and consider the Fourier-Jacobi expansion of Ti^P. 

k 2 2 

Moreover, we will introduce a subspace J,? of J, 1 . 

' 1 k—^,m k—^,m 



e 0{n+i\jz) anc ^ a s t ra ightf° rwarc I calculation shows 
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Let M^_ 1 (T^ l+1 \4)) be the generalized plus-space introduced in [lb 921 page 112], 
which is a generalization of the Kohnen plus-space for higher degrees: 

the coefficients A(N) = unless 



MtM +1 \4)) := { F E M fc _x(lf +1) (4)) 



JV+(-l)*R*i2e4Syi< +1 
for some R E Z^* 1 ' 1 ) 



For any even integer fc, the isomorphism between J^i~ , which is the space of Jacobi 
forms of index 1, and M^_ 1 (TQ n+1 ^(4)) is shown in |Ib 92[ Theorem 1]. We denote this 

linear map by a which is a bijection from Ju 1 ^ to 1 (T^ +1 \4)) as modules over the 
ring of Hecke operators. The map a is given via 

C ( N , R ) e ( Nr + Rtz ) 

iN-R*R>0 

^ C(N,R)e{{AN - R 1 R)t). 

R mod (2Z)( n ' 1 '> N&Sym^ 
RgZK 1 ) 4Af-i?*_R>0 

The C- vector subspace M*_ i (r[ ) n+1) (4)) of M+_i(rf +1) (4)) denotes the image of 

by the map a, where J^i^ 1 * was defined in §4.11 
Let be the first Fourier- Jacobi coefficient of Siegel-Eisenstein series 4 n+2) . it is 

known that E^ 1 ^ coincides the Jacobi-Eisenstein series of weight k of index 1 of degree 

/("+!) 

dlllC U11C UCIOCI \^UIlZlti-ll/&dCltidbC&ll oa ves rt 

weight k — ~ of degree n + 1 by 

Because E^ X) E J<" +1) *, we have E M* (rj n+1) (4)). 

' ' k 2 2 



n + 1 (cf. |Bo 83| Satz 7].) We define the generalized Cohen- Eisenstein series "H i of 

k ~2 



For any integer m we denote by FJ m the linear map from M k _i(T^ l+1 \A)) to n 
obtained by the Fourier- Jacobi expansion with respect to the index m. 
We denote by m the image of M*_ i (r[ ) n+1) (4)) through the map FJ m . 

2 (n) 

We recall that the form e k ' was defined as the m-th Fourier- Jacobi coefficient of the 
generalized Cohen- Eisenstein series (cf. JQ). Thus e^fL E J^* . 

4.4. The map 6^. We recall M. = ( r 1 ) £ SymJ. In this subsection we shall intro- 
duce a map 

l m ■ H$ -> Hol(io„ x -> C), 
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where Hj$ is a certain subspace of holomorphic functions on Sj n x C^ n ' 2 \ which will 
be defined below, and where iio\(f) n x C ( - n,1 - ) — > C) denotes the space of all holomor- 
phic functions on $j n x C'-™' 1 -'. We will show that the restriction of l_m gives a linear 
isomorphism between J^]^ and J^K m (cf. Lemma [4.21 ) 

Let be a holomorphic function on S) n x C^ n ' 2 >. We assume that has a Fourier 
expansion 

0( r ,z) = A(N,R)e(Nr +* Rz) 

NeSyrnl,ReZ (n ' 1) 

for (r, 2) G i} n x C( n > 2 \ and assume that <p satisfies the following condition on the Fourier 
coefficients: if 



N \R\ ( N' \R! 
\ l R MJ \^R' M 



In 



with some T = (0, A) G Z^ 2 \ A G then A(N, R) = A(N', R'). 

The symbol denotes the C-vector space consists of all holomorphic functions 
which satisfy the above condition. 

We remark J^m C J^ M C for any even integer k. 

Now we shall define a map i M . For <f){r',z') = A(N, R)e{Nr' + R l z') G we 
define a holomorphic function lm{4>) on fj n x C^"' 1 ^ by 

L M {<t>){T,z) := ]T tf(M,£) e (Mr + £*z), 

4Afm-5 i S'>0 

for (r, z) G io n x C^' 1 ^, where we define C(M,S) := A(N,R) if there exists matrices 
iV G Sym; and i? = {R 1 ,R 2 ) G Z( n ' 2 ) (i?i,i? 2 G Z^ 1 )) which satisfy 

C(M,S) := otherwise. We remark that the coefficient C(M,S) does not depend on 
the choice of the matrices N and R, because if 

then 4iV - i? 2 *#2 = 4JV' - Hence ^2*^2 = mod 4. Thus there exists a 

matrix A G Z*™' 1 ) such that R' 2 = R2 + 2A. Therefore, by straightforward calculation we 
have 



N ±R\ f N' \R! 
\*R MJ \^R' M 



In 

*T 1, 
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with T = (0, A), R = (Ri, R2) and R' = (R\, R'2). Because <fi belongs to Hj^, the above 
definition of C(M,S) is well-defined. 

Now, we restrict the above map lm to the subspace J^ 1 ^* C J^i^, then we obtain 
the following lemma. 

Lemma 4.2. Let k be an even integer. We put m = det(2.M). Then we have the 
following commutative diagram: 

°\ j(n+l)* 



4T h M* k ^ +1) m 



FJl,M\ (n)* 



2 

FJ m \ 



M*_ i (rW(4)) 



2 



j(n)* k,M^ j(n)* 



Moreover, the restriction of the linear map lm on Ju 1 ]^ is a bijection between J^m an d 



j(n)* 
k—±,m 

Proof. Let ip G J^i*. Due to the definition of a (cf. §4.31) and lm, it is not difficult to 

see lm(F Ji )M {%l))) = FJ m (a(ip)). Namely, we have the above commutative diagram. 

Because the map FJ m | M „ ( r (™+i)( 4 \) : (T^ +1 \a)) — > J^_l m is surjective and 

k ~h 2 2 ' 

because a is an isomorphism, the map lm\j(™)* '■ J^m ~~ ^ 1 OT * s sur j ec tive. The 

injectivity of the map l m | („)* : ji n h — > j£ t follows directly from the definition of 

J k,M ' k 2< m 

the map lm- □ 

4.5. Compatibility between index-shift maps and ij^. In this subsection we shall 
show compatibility between some index-shift maps and the map lm- 

For function ip on £) n x C^™' 2 ) and for L G Z,( 2 ' 2 ) we define the function ip\ Ui on 

x by 

mU L )(r,z) := ^z l L). 

For function <p on S) n x C^' 1 ) and for integer a we define the function 4>\U a on S) n x C'* 1 ' 1 ) 
by 

((j)\U a )(r,z) := (j)(r,az). 
Proposition 4.3. For any <\> G and for any L — ( J 1 ) 6 Z' ' ' we obtain 

tMlL](<fr\U L ) = LM(4>)\U a - 

In particular, for any prime p we have i M y(P ^ U^p = L M (<p)\U p . 
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Proof. We put m = det(2M). Let 0(r, z') = ^ A ( N , R)e(Nr + R l z') be a Fourier 



expansion of <fi. And let 

L M (<t>)(T, z) 



4N-RM- 1<: R>0 



C{M,S)e{Mr + S t z), 



M&Sym* n , SEZ^' 1 ' 
AMm-S t S>0 



L M [L](<f>\U L )(T,z) = J2 C 1 (M,S)e(Mr + S t z) 



AMma 2 -S t S>0 



and 



(L M (4>)\U a )(r,z) = C 2 (M,S)e(Mr + S t z) 



MeSj/m*, S£Z( n >V 
4Mma 2 -S t S>0 



be Fourier expansions. 

We have C 2 (M, S) = C(M, a^S). Moreover, we obtain d{M, S) = A(N, RL- 1 ) with 
some N e Sym* and R e iP 1 ^ such that 

/ \ 



M \S 
\ l S ma 2 



4 



N \R 
it 



fR M[L] 





0---0 1 

l\-l*(R(0)) -\ra-bj 

With the above matrices N, R, M and S we have 

/ 



M \aT x S 
\ar xt S m 



4 



N \R 
fR M[L] 



\ 

In ; 



0---0 1 

\-¥(R(°i)) -hra-bj 



N 



\RL 1 



L n+1 



/ \ 

In ; 


\0---0 a' 1 ) 

\ 





^(RL- 1 ) M 

1\-IKRL-H°i)) -\rJ 

Thus C 2 (M, S) = C(M, a^S) = A(N, RL' 1 ) = d(M, S). □ 
Proposition 4.4. For odd prime p and for < a < n, let V ayn _ a (p 2 ) and V a ^ n _ a (p 2 ) be 
index-shift maps defined in §£. 7[ Then, for any <p £ JkM we have 

(4.1) l M mV a ,n- a (p 2 ) = / (2 " +1) ~ n(n+|)+ ^^ [( P l)] (0|K, n - a (p 2 )). 
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Proof. We compare the Fourier coefficients of the both sides of ( 14. ip . Let 



N,R 



(<J)\V a , n „ a (p 2 ))(T,z') = Y,MN,R)e{Nr + R t z'), 

N,R 

(i M (<j>))(r,z) = ^d(M,5) e (Mr + ^) 

M,S 

and 

(L M (<i>)\Va,n- a (p 2 ))(T,z) = ^ C 2 (M, S)e(Mr + tfz) 

M,S 

be Fourier expansions, where r G $) n , z' G C^ n ' 2 ^ and z G C^™' 1 ^. For the sake of simplicity 
we put U — ( p _ ) . Then 

„2\ 



V 0„ D 



y fx? 5 

E E 

B^J A 2 ,/i 2 6(Z/pZ)(™' 1 ) 
D) 

X ^(( P T 1 ?) x ('WO J((0,A 2 ),(0,/i 2 )),0 2 ]) 

= E E E^) 

V 0„ D) 

xe(Nr + tfz)\ kM ((^ J ) x ( " ^ ) , [((0, A 2 ), (0, 2 ]) , 

where, in the above summations, ^ p2 Q D run over a set of all representatives of 

r n \r ri diag(l a ,pl n _ a ,p 2 l Q ,,pl n _ Q ,)r n , and where the slash operator \ k m is defined in 

SO 

We put A = (0, A 2 ), y, = (0,// 2 ) G Z( n ' 2 ), then we obtain 

e(iVr + ^)|^((^ 1 ^) x ( U p ^),[(\»)M) 
= p~ k det(D)- k e(Nr + R l z + NBD' 1 + RU^D' 1 ), 



where 



and 



N = v 2 D- x N l D 1 + D- l RU l \ + ^XUMU*X 

p2 



R = D- 1 ffl + -z\UMU. 



and 
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Thus 

N = ±d(Jn- ^ftfih) +\(R2~ 2\ 2 )\R 2 - 2A 2 )^) l D 

R = D (k- ^XUMU^jU' 1 , 

where R 2 = R(° 1 ). 

Hence, for any N G Sym* and for any R G iP 1 ^ we have 

A 2 (N,R) 

= P~ k det ( D )~ k J2 A- 1 (N,R)e(NBD- 1 + RU t (Q,n 2 )D- 1 ) 

fp^D' 1 B\ A 2 e(Z/pZ)(™' 1 > M26(Z/pZ)("' 1 ) 

V n D) 

= P~ k+n Yl det(Z>)-* Yl A 1 (N,R)e(NBD- 1 ), 

(p 2t D- 1 B\ Aae(Z/pZ)(».i) 

V o„ d) 

where N and R are the same symbols as the above, which are determined by N, R 

and A2, and where, in the above summations, ^ p2 ' D runs over a complete set of 

representatives of T n \T n dia,g(l a ,pl n - a ,p 2 l a ,pl n ^ a )T n . We remark that Ai(N,R) = 
unless N G Syi< and R G iP 1 ^ . 

Due to the definition of lm, fc> r N G Sym* and R G Z*™' 2 ) we have the identity 

A ± (N,R) = C7 1 (4iV-i2(S) t (i2(S)),4i2(S)-2ri2(S)). 

Here 



and 



47V -#(?)'(#(?)) = (AN - R^R^D 



4i2(J)-2ri2(°) = 4^( 4 ^(o)-2r Pj R 2 ). 



Hence we have 
(4.2) A 2 (N,R) 

= p -k + n J- detiD^C^D (AN - R 2 t R 2 yD,\D{AR( 1 ) -2rpR 2 )) 
(?*d- 1 b\ P P 

V 0„ Dj 



X 



e{j 2 (n - -^R^j *DB) <^ 2 (R2 - 2A 2 )*(4 - 2A 2 )*L>5), 
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where A2 runs over a complete set of representatives of {Z/pZ)^ 11 ' 1 ^ such that 



D ^R — A(o, \ 2 )UMU\ U' 1 G Z (n ' 2) . 



la 

Let & a be a complete set of representative of r n \r„ [ P ln ~ a . j n ow we 

pin — a. 

quote a complete set of representatives & a from |Zh 84] . We put 

Sij := diag(l i ,pl j _ i ,p 2 l n _ j ) 

and 



6 a := 



p'^r 1 b \ ( l u 1 n 



where, in the above set, i and j run over all non-negative integers such that j — i — 
n + a > 0, and where u runs over a complete set of representatives of {8~[jGL n (Z)8ij fl 
GL n (Z))\GL n (Z), and b runs over all matrices in the set 

h e (z/ P zy j - i > n - j \b 2 = % e ( y z/p 2 z) ( - n - j ' n ~ j \ 

ai = *<2i G (Z/pZy j ~ l ' j ~ l \ rankp(ai) = j — i — n + a 
For a matrix 9 = „ ^ = I r „ G <3 a with a ma- 

1 On D) \ n 5ijJ \0 n U ' 


















'6i 


&2 / 



'0,- 



trix b = j ai p6i J G T, we define e(g) := ("IT 1 )' wnere a i £ 

\0 % b 2 ) 

GLj_j_„ +Q (Z/pZ) is a matrix, such that a x = ( q 1 0n °l [i>] mod p with some t> G 
GLj_i(Z). Under the assumption 

\D(4R(l)-2rpR 2 ) e Z {n ' 2) 

the condition D(R — p~ 2 (0, \ 2 )UMU)U~ 1 G Z^™' 2 ) is equivalent to the condition 

«(4-2A 2 )G(^ JJZM. 
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Hence the last summation in (14.21) is 

e( A(^2 - 2A 2 )'0R 2 - 2X 2 YDB) 



•4j) 2 



V J J \ V 



rankp(a^) 



Thus is 

A 2 (iV, £) = p~ k+2n ^ p -A(2»-*-i)+(»-»W-a)/2 e (p) e ^ p -2 ^ 4i y _ £ 2 t£ 2 j 

xd (p- 2 L>(4iV - RjRzYD, p~ 2 D(AR (J)- 2rp£ 2 



, iV*^ -1 ^ /V^r 1 M fu" 1 o n , ,, , , . 

where <7 = I n n = n x (n runs over a ^ elements m the 



0„ DJ \ n ^j-y \_ 0„ u 
set 6 a . 

Now we shall express C 2 (M, S 1 ) as a linear combination of Fourier coefficients Ci(M, S") 
of ^m(0)- For K = (diag(l Q ,,pl„_ Q ,,p 2 l Q ,,pl n _ a ),p a / 2 ) G GSp^(Z) a complete set of 
representatives of r$ n) (4)*\r£°(4)*Yr£ n) (4)* is given by elements 

where g runs over all elements in the set & a , and e(g) is defined as the above (cf. [Zh 84} 
Lemma 3.2]). Hence 

(tM(<fi)\V a , n -a(p 2 ))(T, z) 
= p n(2*-l)/2-n(n+l) ^ ^ p (- fc+ l/2)(n-i-,) £ ^ Ci(Mj ^ 

M,S g 

xe(M(j9 2 * J D"V + B)D- 1 + p 2 S t zD- 1 ) 

= p n(2k-l)/2-n(n + l) ^ ^ p (_ A+1/2)(n - i - i ) £ ^ ) ^ ( p -2 £) ^ £)j ^-2^ 

xe(Mr + 5*2 + p' 2 M l DB). 
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Thus 

C 2 (M, S) = J2p~ n{n+1)+{k ~ 1/2){i+j) e(g) C 1 {p- 2 DM t D,p- 2 DS) e(p" 2 M t DB). 

9 

Now we put M = AN — R 2 l R 2 and S = AR ( J ) - 2rpR 2 , then 

C 2 {AN - R 2 *R 2 , AR{1) - 2rpR 2 ) = p 2nk+k - n2 -h+^ A 2 {N , R). 
The proposition follows from this identity. □ 

4.6. Index-shift maps at p — 2. For p = 2 we define the index-shift map T a ^ n _ a (p 2 ) 
on * m through the identity 14.11 namely we define 

<f>\V a , n - a (A) := 2 fc ( 2 " +1 )-"(" + i) + ^^ [(2i)] (^|\4, n _ a (4)) 

for any G J^™ 1 m ' anc ^ w h ere G * s ^ ne J ac °bi form which satisfies Lm^) = 4>- 

We have 0|t^ )fl _ a (4) G J^_i 4 . The reader is referred to §4.41 for the definition of Lm 
and is referred to §2.71 for the definition of V^ )n _ a (4). 

4.7. Index-shift maps V p , V^ p and V^^ . In the case n = 1, 2, we write simply 

^ P (1) := ¥>|Vi,o(p 2 ), 

<^i? := P - k+ h\V 1A (p 2 ), 

<P\V 2 {2 i := 0|^o(p 2 ) 

for any if G any prime p. The reader is referred to §4.31 

for the definition of the subspace t of J^ n \ , and is referred to §2.71 and §4.61 for 

the definition of the index-shift maps Vi,o(p 2 ), Vi,i(p 2 ) and V 2t0 (p 2 ). We remark that 
<^ P (1) G 2 and 0|V^ ( p 2) G jf x 2 (is = 1, 2). 

5. Action of the index-shift maps on Jacobi-Eisenstein series 

In this section we fix a positive definite half-integral symmetric matrix M. = ( * * ) G 
Sym^. The purpose of this section is to express the function E^ M \V atn _ a (p 2 ) as a 

summation of certain exponential functions with generalized Gauss sums, where E^ M is 
the Jacobi-Eisenstein series of index M. (cf. $3]), and where V a ^ a {p 2 ) is an index-shift 
map (cf. §2.71) . We remark that i?j;^|V^ in _ a (p 2 ) G ^vq(p 0^ f° r an y — a — n - 

First we will express E^ M \V a>n - a {p 2 ) as a summation of certain functions K?j (cf. 
Lemma [5 .2 1) , and after that, we will express E^ M \V a ^ n - a (p 2 ) as a summation of certain 
functions K?j (cf. Proposition 15. 3j) . 
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The calculation in this section is an analogue to the one given in |Ya 89] in the 
case of index 1. However, we need to generalize his calculation for Jacobi-Eisenstein 
series of index 1 to our case for E^ M with M. = (* *) £ Sym^. This generaliza- 
tion is not obvious, because we need to treat the action of the Heisenberg group parts 
[((0,m 2 ), (0,f 2 )),0], which plays an important rule in this generalization. 



5.1. The function K^. The purpose of this subsection is to introduce functions K°j 

and to express E^, V^ n _ a (p 2 ) & 

summation of K?-. Moreover, we shall calculate 

more precisely (cf. Lemma l5.2p . 
We put 5ij := diag(lj,plj_j,p 2 l n _j). For x = diag(0j, x', O n _j_j) with x' = t x' G 

Zti-ij-Q, we set Sij(x) := ^ and r(S i}j (x)) := T n n 5 i , j (xy 1 T ( £ ) 6 hJ (x). 

For x = diag(0j,x',0 n _ i _ j ), y = diag(O i; y', Q n -i-j) with x' = = V G Z^~*^~^, 

we say that x and y are equivalent, if there exists a matrix it G GL n (Z) D 8ijGL n (Z)5~j 

which has a form u = u ^ satisfying x' = U2y' l U2 mod p, where u 2 G Z^~ lJ ~ l ), 

ui G Z^ and m 3 G Z( n - J >- J '). 

We denote by [x] the equivalent class of x. We quote the following lemma from |Ya 89] . 

Lemma 5.1. The double coset T n diag(l a , pl n - a , p 2 l a , pl n - a )T n is written as a disjoint 
union 



r n ( lapU -\ Ha )r B = |J \Jr£%(x)r 

\ pln-a / jj [ x ] 

0<i<i<n 



where [x] runs over all equivalent classes which satisfy rank p (x) = j — i — n + a > 0. 
Proof. The reader is referred to |Ya 89\ Corollary 2.2]. □ 



We put U := 
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By the definition of the index-shift map V atn - a (p 2 ) and of the Jacobi-Eisenstein series 
E kM> we have 

E^ M \V a , n - a (p 2 ) 

= E E EE 

u,vez( n - 1 '> M'er n \r n diag(i a ,pi n - a ,p 2 i a ,pi n _ a )r n Af6r^'\r n Aezf™* 1 ) 
1U,ai([(A, 0), 0], MM' x ( u ) „y((0, u), (0, »)), 0] 

= E E E 

U ^6Z(™.D Mer(2 ) \r„diag(i a ,pi„_ Q ,p2i Q , P i n _ Q )r n AezKD 
1|^([(A, 0),0],M x ( o p4-0)l fc ,M[(g o)]K(°' M )> (°» °]' 
Hence, due to Lemma [5.11 we have 

= E E E EE 

«,«ez(«.i) yj M A/erS ) \<5 lJ (^)r, l Aez(«.i) 

0<«<J<" rank p (x)=j— i— n+a 

iU,m([(A,0),0],m x (V^O)l Jt , A< |( S ;)]K(M.(M),o] 



E E E EE 

M^ezt™. 1 ) *,i [x] Afer(<y j)i (x))\r„ Aez("< ] 

0<«<i<" rank p (x)=j— i— n+a 

Mk, M ([(\ 0), 0], ^(x)M x ( J p«5-0)l*,M[(? oy, [((°» M )> (°» °1- 



,0 1 

For (3 < j — i we define a function 

<-(t,2) 

= E E E( 1 l^([(A,0),0], ( 5 u (x)Mx(^ 2 °- 1 ))}^^- 

[x] Afer(5 ili (a ! ))\rnAeZ" 

ranfc p (a;)=/3 

Then 

E ( k n) M \v a , n - Q ( P 2 ) = E E ^" n+i ^^)i fc ,w^)][(( ^)'( ^))'°]- 



o<j<j<n 



We define 



Ax G ( P Z)^ , A 2 G ZCW) , A 3 G (p-iZ)(»-w) 

-kjj •— J^i,j,M,p — i I A2 



A 3 



2A 2 .M% G Z0- i > n ~'') , A 3 A^*A 3 G Z^'' 71 ^ 
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Moreover, we define a subgroup r(6ij) of rg? by 



A G ^-GL n (Z)r/ 



Lemma 5.2. Let 6e as the above. We obtain 

Mer(5 id )\r n 



x 



l|*,A<([(A,0),O n ] > M)(r,«(g;)) £ ef-^'AsAV 

x=diag(0i ,x',O n —j) 
rank p (x')=f) 

where, in the last summation, x runs over a complete set of representatives of { r L/p r L) (jl,n ^ 
such that x = l x, rank p (x) = (3 and x = diag(0i, x', n -j) with some x' G (Z/pZ)^' - * J ' - ^. 

Proof. We proceed as in |Ya 891 Proposition 3.2]. The inside of the last summation of 

K? ;j (T,z) is 

(l\ k , M ([(X, 0), 0], 5i ! j(x)M x ( J p 4-, ))) (r, z) 



det^CT 1 ) - * det(<^ 



x le(A1('A(p 2 r.V + i)C 1 A + 2'A^ 1 4 p2 „ )))L Dl,M ) (t, 2 ) 



k(2n-i-j+\) 



= p 

x (((1|^([(P^A,0),0],(J P ~ty)(T,z(*l))) l feiM [(^)] M ) ^ 
= p-* (an ^ i+1) (lUAt([(P^ 1 A,0),0],^ ^M^r,^^)). 
Here we used the identity Sijx = 5jjdiag(0j, x f , n -j) = Thus 

Kfaz) = p-^-^ Yl E 

[x] Mer(8ij(x))\r n 

rank p (x)=/3 



E iIm*([(p«s«a ) o),o b ],(J ^i X ) m ) fo*(5?))- 



We put 



x 



In S 
On In 



s = *s G Z (n ' n) 
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Then the set 



In S 
On In 




S = ( s 2 

. t s 2 s 3 



s 2 e (z/ P z) {j - l ' n - j \s 3 = *s 3 e (z/ P z) {n - j ' n -^ 



is a complete set of representatives of r(5 i j(x))\T(5 ij j(x))U. Therefore 

-fc(2n-i-j'+l) 

'[x] M 6 (T(« w (x))M)\r„ / 1 s ) emAxmmAx) )U) 



p-* <2 "— + " E E E E 



rankp (x)=/3 



Hence 



[x] M6(r(5ij(x))w)\r n Aez" 

ran/c p (x)=/3 

k^([(P*rjA,°)A], (o" \ 1X ) M)(r,*(g°)) 



x 1| 

E e tfM'XSrhSrJX) . 

(o" 1 s n )er(«5 l , 3 ( ;c ))\(r(5 IJ (x))w) 

The last summation of the above identity is 

s 

' p (n-j)(n-i+i) if A 3 .M% = mod p 2 and 2A 3 .M'A 2 = mod p, 
otherwise, 

where A = G Z(™' 2 ) with A x G Z^ 2 ), A 2 G Z^~ l > 2 ) and A 3 G Z^'' 2 ). 

Thus 



[x] M6(r(5ij(x))w)\r 

ranfe p (x)=/3 

x E ^^([(A' °)' °«]' (o" P iI X ) M )( T ' Z (o ?)) 
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Now r(5ij(x))U is a subgroup of r(6y). For any t^-ij G we have 

lU,A.([(A,0),0 n ],(j : ^)( ( f nt /- 1 )M) 



= l| fc ^([(*i4A ) *SA),0 B ],(S; , '" lA " 1 l- tA ' 1 )M) 

and l ALi t j = Lij. Moreover, when (^^ t^-ij runs over all elements in a complete set 

of representatives of T(Si t j(x))U\T(5i_j), then A~ 1 x t A~ 1 runs over all elements in the 
equivalent class [x] (cf. |Ya 891 proof of Proposition 3.2]). Therefore, we have 

KUr,z) 

_ p -k{2n-i-j+l)+{n-j)(n-i+l) ^ ^ 



x= t xe(z/pZ)^ n ' n '> Mer(s itj )\r n 

x=diag(0i ,a;',O n _j ) 
rankp (x')=(3 



J2 lU,Af([(A, 0), B ], ( ft *£■ ) M)(r, z ( go )) 



x 

fc(2n-i-j+l)+(n— j) 

Mer(<5, J )\r„ 



p-n. v ^,.-.-j-r J .y-rv>»-i)(n-i+l) 



£ 1|*^([(M)A],M)(t,*(S°)) £ e^-A^AzA^ 

AeLi,j x= t xe(z/ P z)("- n ) 

x=dia<;(0i,2.'',0 n _j) 
ranfc p (a;')=/3 



□ 



5.2. The function i^j ° .. The purpose of this subsection is to introduce functions K^- 

and to express E^^^\V a ^ n — a {jP' s ) as a summation of K^y Moreover, we shall show that 

K?j is a summation of certain exponential functions with generalized Gauss sums (cf. 
Proposition 15.31) . 
We define 



J * T * 

M ' _ i,j,M,P 



'A ' 

A 2 ] G (p-^)^ 
A, 



A 3 G (p^Z)^ 2 ), 2A 2 .M'A 3 G Z^-*^') 
A 3 .M% G Z^>"-^, 2A 3 M (?) G Z^' 1 ) 
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and define a generalized Gauss sum 

G j M i '\X 2 ) := £ e(-M t X 2 x'X 2 ) 

sD'=Ve(Z/pZ)Ci-*.i-*) ^ 
rankp (x')=j—i—l 

for A2 G Z^' -1 ' 2 '. We remark that a formula for this generalized Gauss sum is given 
Saito [Sa~9T] . We define 



u,w6(Z/pZ)( n > 1 ) 

Proposition 5.3. Let t/ie notation be as above. Then 



0<i<j<n 



where 



j^-a-i-n+js \ _ ^_fc(2n-i-j+l)+(n-i)(n-i+l)+2n-j 



E E {lkM([(A,0),O n ],M)}(r^(g?)) 



Mer(5 ii3 )\r„ /Ai 
a=( a 2 



a 3 , 

E G™- Q (A 2 + (0, M2 )). 



x 

M 2 e(z/pZ)(j- i . 1 ) 
/3 



Proof. From the definition of K^- and Lemma 15.21 we obtain 

Mer(J M )\r„ /Ar 

a=( a 2 |eii,j 



.A3, 

x E (1U,m([(A, 0), n ],M)(r, z (0 ?))) I fe o^[((0, u), (0,«)) , 0„] 



where, in the second summation, Ai G Z^' 2 \ A 2 G Z( J l ' 2 J, A3 G Z^ n ■ J ' 2 ) and A G Lij. 
By a straightforward calculation we have 

l| fciA ,([(A,0),0 n ],M)(r,^(^)) = l\ kM[ ^ ] ([(\(l 1 )~\0),0n},M)(r,z). 
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Hence the last summation of the above identity is 



E jl|fc^([(A,0),0 B ],M)(T,z(g;))| fc> A4[ / p o),[((0,«),(0,t;)),O b ][(t,z) 



E {l| fe , M (po )] ([(A(^)' 1 + (0 !M ') ! (0,^)),O n ],M)j(r,z) 



u' ,v'G 

E {l|fc,A^([(A + (0, u'), (0, f')), n ], M)} (t,z ( o i)) 
u',u'e(z/pZ)(™. 1 ) 

E {l|^([(A+(0,^),0),0 n ],M)}(r,z(^)) E e(2jW'A(0,i;')), 

u'e(z/pZ)(™. 1 ) v 1 ecz/pz)^' 1 ) 

where, in the first identity, we used 

(M,[((0, U ),(0, V )),0 n ]) = ([((0,«'),(0,u'))>0n],M) 

with («') = (_° -f ) (JJ) for any M = G T n . Now, for A = e Ljj we have 

V e(2A 1 'A(0, 1 /)) = '"A3At(») 6 Z<»-), 

1 otherwise. 



«'e(z/pZ)(™. 1 ) 



Therefore 



p-fc(2n-i-j+l)+(n-j)(n-i+l)+Ti G^'™ - "^) 

Mer(5 ii; ,-)\r„ /aa 

A=l A 2 JeL itj 

2A 3 x( ( j ) )ez( n -^ 1 ) 
x E {!|^([( A + (0, «), 0), n ], M)} (r, z (g ?)). 

n,l) 



Thus 

iT™ +J (r,z) 

_ p-k(2n-i-j+l)+(n-j)(n-i+l)+n ^ ^ 

Mer(5 li3 )\r„ /AA 

x{l| fciA4 ([(A,0),0 n ],M)}(r^(g°)) 

xp n_i E G^- Q (A 2 + (0, W2 )), 

u 2 e(z/ P z)U- i ' 1 ) 

where L* is defined as before. □ 
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6. Proof of Theorem 11.11 

The purpose of this section is to give the proof of Theorem 11.11 From Proposition 
we recall 



Hence 



E ( k %\V a ^ a ( P 2 ) = e A V 

o<«<j<i 



6.1. Calculation of K^- for n — 1. In this subsection we calculate K^i, Kq x and K® . 

Lemma 6.1. For Ai G Syrri^ let D be the discriminant o/Q(-y/— det(2.M)). Let f be 
the positive integer such that — det(2.M) = -Do/ 2 - Then, for any prime p we obtain 

KUr.z) = p-^E^ [{%)] (r,z), 



L o,ov > 



lP - 3k+A E {1) lv rl (v(M'I(M) ifp\f, 
p- 3k+ ^Ur,z(\)) ifp)(f, 



where, in the case p\f, X = (11) is a matrix such that Ai[X 1 ( p i) ] G Sfym 



•2 



Proof. By the definition of K"- 1 n 3 we have 

= £ E {l|^([(Ai,0),0],M)}(r,^(^)) 

Mer(5i,i)\ri Aier^ 

= E E {l|^([(Ai,0),0],M)}(r^(g?)) 

= E E {lkM([(A(%),0),0],M)}(r,z(^)) 

= p~* +1 E E {il^K^^KA.oj.oi.M)}^^) 
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Now we shall calculate Kq V First, for any A G Z^ 1 ' 2 ) we have 



GJJ(A) = E e (\ MtXx> ) 



rank p (x)=l 



p — 1 if A.M*A = mod p, 
-1 if XM l X ^ mod p. 



Hence we have 



^ ,„ f o if A e pZ x z, 



Thus 



^o,i = P~ 2k+2 E E {l|^([(A 2 ,0),0],M)}(r,z(^)) 
Mer(<j ,i)\ri A 2 eL* u 

x E ^°(A 2 + (0, M2 )) 



u 2 &l,/pZ 



-^(^f) E E {l|^([(A 2 ,0),0],M)}(r,,(^)) 
+^ 2fc+2 (^) E E {l|^([(A 2 ,0),0],M)}(r,,(^)). 



Afer£\ri A2eZx 
Finally, we shall calculate Kq . We have 

^o,o = {^3 e (p-'Z)^' 2 ) | A 3 .M% G Z, 2A 3 .M (?) G Z} . 

We need to consider two cases: the case p is an odd prime and the case p = 2. When p 
is an odd prime, there exists a matrix X — ( * ± ) G Z^ 2 ' 2 ) such that the matrix .M has 
an expression .M = 'X ( 4 ^^W 2 ) X mod p. We have 



r* 
-^0,0 



{AaG^-^^lA^GiZxz} ifp|/, 

z^' 2 ) ' if pli 
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Thus, if p\f, then 

K° ,o = P~ 3k+A E E {l|^([(A 3 ,0),0],M)}(r,z(^)) 

Mer(<5 ,o)\ri a 3 

A 3 *xe±zxz 

= p~ 3k+4 E E 

x{l| w _ l( P irl] ([(A3 t X(%),0),0] ! M)}(r^(%)*X(%)) 
and, if p//, then 

< = P" 3fc+4 E E {lkM([(A 3 ,0),0],M)}(r,z(^)) 

Mer(5 ,o)\ri Aaezt 1 - 2 ) 

= P~ 3fc+4 <jw(^(%))- 

When p = 2, there exist a matrix X = ( * 1 ) G Z^ 2 ' 2 ) and an integer -u such that the 
matrix .M equals one of the following three forms: 

*X(^?)X with u = 0,1,2 mod 4, 
*X ( ¥ J ) X with u = mod 4, or 

If 2|/, then X = *X ( g ?) X with u = mod 4 or A4 = *X ( \ \ ) X with u = mod 4. 
By a straightforward calculation we have 



T* 

M),0 — 



{A 3 G (2- 1 Z)( 1 ' 2 ) | A 3 *X G ±Z x Z} if 2|/, 
Z^ 1 ' 2 ) " ^ if 2//, 



where X = ( * 1 ) is a matrix such that M. = l X (q})X with w = mod 4 or 
l X{\\)X with u = mod 4. Thus, if 2|/, then 



<o = 2- 3fe+4 e E 

A 3 



Mer£\ri 



x{l| w _ l(2irl] ([(A 3 t X( 2 1 ),0),0],M)}(r,^( 2 1 )'X( 2 1 )) 



= 2~ 3fe+4 £ (1) ,-,{T,z{\yX{\)). 
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And, if 2//, then 

Ko = 2- 3fc+4 J2 E {lkM([(A3,0),0],M)}(r,z(§?)) 
Mer(<5 , )\ri Aaezt 1 * 2 ) 

= 2- 3fc+4 4^(r,,(%)). 

Hence we obtain the formula for Kq . 

Therefore we conclude the lemma. □ 



6.2. Proof of Theorem 11.11 In this subsection we conclude the proof of Theorem ll.il 
We recall M = ( * * ) G SymJ. We put m = det(2M). 

We define E^ m := l m (E^ m ), where the map lm is defined in §4.41 We remark that 
^km * s well-defined, namely, if M = (* *) G Sym^~ and det(2A/") = m, then lx(E^) = 
^km- This fact follows from Proposition 14.31 and from the fact that there exits a matrix 
X = ( I x ) such that Af = -M[X]. 

The form el. 1 !, G J^* was defined as the Fourier- Jacobi coefficient of generalized 



'A;,m ^ k- 2 



Cohen-Eisenstein series of degree 2 (cf. JQ), and due to Lemma 14.21 we have e 

^(ej^). For the definition of e£ M , see $3) 

Now, by Proposition 13.31 and Proposition 14.41 we have 



(i) 

k,m 



e 



(1) \y(l) _ (1) \y (2 



= p 3 *~V(" 1 )](4^i^,o(p 2 )) 

«*[/ V 7 

where the symbols / and Wd are the same ones in Proposition 13.31 By the definition of 
index-shift maps we have 

The form jr . ryr \Vi o(p 2 ) is a linear combination of Jacobi-Eisenstein series of matrix 
index (cf. Lemma 16.11 ) 

Due to Proposition S3] we have l M] ( v ^{E^ m (*, * °)))(r, z) = E^^r.pz) and 



t.„/»o\, 



p o 

o i7 J \ fc,.M 



o 1 

(n) 



(*,*(S?)*^(S;)) (r, Z ) = 41(r,j) 2 4 By using these 
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identities and due to Lemma IfTTl we obtain 



i M[ t W d - 1 ( p 



H:w-.|K°(*> 2 )) 



where 5(S) = 1 or accordingly as the statement S is true or false, and where D is 
discriminant of Q(y/—m). Hence 




Because of Lemma 13.21 we obtain 



mod p 

+W) E 3 k {^)E^{rydz)+ £ ^(^i^fopdz). 



4=0 mod p d^O m °d p 
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By using Lemma 13.21 again, we have 




mod p 



mod p 

+W)^ , £s*(^)<*(r.jAfe) 




dl - 
1 v 

Because e^ m (r,z) = J2d\f9k{^) E^ln(T,dz), we conclude Theorem ll.il □ 
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6.3. Proof of Corollary 11.31 In this subsection we shall show Corollary 11.31 Let 
(r (4)) be the Kohnen plus-space of weight k — ~. Let g[r) = c(m)e 27rv/rTmr 

be the Fourier expansion of an element g in M7 i (To (4)). For any prime p the Hecke 

k 2 

operator Ti{p 2 ) is defined by 
{g\Ti(p 2 )) (r) 



\ c{ p 

m ^ 



fc-2 ( ( _1 ) fe lm 

2 m) + p k 1 1 



P 



c(m) + p 2k 3 c 



Hence, by the definition of Vp and of Sp X> and by substituting z = to e k L> m (T, z), we 
obtain 



4"L(* 5 0)|Ti(p 2 )) (^) = (e£jV«)(r,0) 



fc-2 



— m 



V 



,(!) 



^(^0)+p 2fc - 3 e« (r,0). 



Therefore 



K 2 



r 
w 



E((4>>0)|T 1(P 2 )) (r))e 



fc-2 



/,M 41(r,0)+p 2fc - 3 e« (r,0))e 2 ---- 



0/(2) 

K 2 



r 
w 



^i(p 2 ). 



□ 



7. Proof of Theorem 11.41 

In this section we shall give the proof of Theorem II .41 We treat the case degree n = 2. 
For the sake of simplicity we abbreviate E^ M (resp. e kM ) as E kM (resp. e^x)- 

7.1. Calculation of iffj. In this subsection we shall express K^{t,z) (cf. Propo- 
sition [53]) as a linear combination of three Jacobi-Eisenstein series E kM ^p \^(t,z), 

E kM (r,z( p x )) and E k m[x -^p y 1 ]^ z ( P i ) <X ( P i ))> where X = (ii) is a certain 
matrix depending on the choice of hA and p. 
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From Proposition 15.31 we recall 

E kM \V a , 2 - a (p 2 ) = k ?P~ 2+] - 

0<t<7<2 

Hence, 

E k}M \V 1}1 (p 2 ) = K^ + Klx + K 1 ^ 

and 

E kM \V 2 , (p 2 ) = K^ + kl + K^ + K^ + K^ + Kl,. 

Lemma 7.1. For M. £ Sym\ let D be the discriminant o/Q(v/— det(2.M)). Le£ / 6e 
t/te positive integer such that — det(2.M) = -Do/ 2 - Then, for any prime p we obtain 

K° 1:2 (r, z) = p- 2k+3 E kM (r, z( P 1 ))+ p- 2k+ %,Ml(v X )]( T ' *)> 



V^ 7 ^ [x _ l( P l) - ] (r,z(^)*X(^))+p-^f? fcfA(t (r ) ^(^)) 



fc>. 

where X = (11) is a matrix such that AilX^ 1 ( p x )~ ] £ Sym^ , 



KUt,z) 



D oP\ „ / \ „-3fc+5 Z' A)/ 2 



Proof. Let G^ l ' 2_a (A) and L*,- be the symbols defined in §5.21 and r(8i t j) be the symbol 



defined in £15.11 



For i = 1, j = 2 we have 

L* 2 = {(£) £ Z (2,2) | Ai £ pZ x Z, A 2 £ Z x Z} . 

Now we remark that the set {{^ i) Ai~p) \ x m °d p} is a complete set of represen- 
tatives of 5i i2 GL 2 (Z)5^2 H G r L 2 (Z)\GL 2 (Z). Hence, for any function F on we 
obtain 

E E F ^ A ) E E ^) 

(ol «,f-i)6r(*M)\ r » A£i ^ 2 A6«i,aGI-a(Z)«i;JnGX a (Z)\GL 2 (2) A6£; >a 

= E F ^+p E F ( A (o?))' 
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if the above summations are absolutely convergent (cf . Lemma 18.31 in the appendix) . 
Due to Proposition 15.31 we therefore obtain 

ff?, 2 (r,*) = P~ 2k+2 E E {l|^([(A,0),O n ],M)}(r,z(^)) 

x E G]i(X 2 + (0,u 2 )). 

u 2 e(z/ P z)( 1 ' 1 ) 

Because G^|(A 2 + (0,w 2 )) = 1 for any A2 G lP- ,2 \ u 2 G Z, and because 

{l|^([(A(g?),0),0 2 ],M)}(r^(^)) = |l| fctM[ go)j([(A ) 0),0 2 ],M)}(T^) ) 
we obtain 

= P~ 2k+3 E E E { 1 lfe,x([( A '°)' «]' M oM)} (t,z(pJ)) 

Mer£ ) \r 2 MoGr(<5i, 2 )\rg ) AeL ^2 



E E {lkM([(A,0),0 2 ],M)}(r,z(^)) 

,MerW\r 2 agz(2.2) 



z . 



+P E E {l|^([(A(^),0),0 2 ],M)}(r^(^)) 

A*er£\r 2 A6Z(2,2) 

= p- 2fc+3 ^,A. (r, z ( p l )) + P - 2k+ % M[{P i }] (r, 

Thus we have the formula for K® 2 { T i z). 

Now we shall calculate Kq^t, z). If p\f, then we can take matrices X — ( * §) G Z^ 2 ' 2 ) 
and A4' G Sym+ which satisfy = -M'[(o 1) X]. Then 



A 2 gZ^, A 3 1 IeZ (1 - 2) (g;) 



-1 



T* — 

and 

= P" 4 " +6 E E {lk-^([(A,0),0 2 ],M)}(r,z(^)) 

Mer(5 ,i)\r 2 x=(^)eL* A 

x E Gi!(A 2 + (0,u 2 )) 

u 2 £Z/pZ 

= P _4fc+7 E E {lk^([(A,0),0 2 ],M)}(r,z(g?)). 
Mer(5 ,i)\r 2 AeLj j 
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Because 



{l|^([(A,0),0 2 ],M)}(r,z(^)) 
= {l| w ([(A < X(^),0),0 2 ],M)}(r,,(^)*X(^)) ) 



we obtain 



= P~' k+1 E E {l|w([(A%0),0 2 ],M)}(r,,(^)*X(^)) 



M6r(5 ,i)\r 2 a 



P' Ak+7 \ E E {l|fc,M'([(A*X, 0), 2 ], M)} (r, 2(o!)*^(oi)) 



"er«\r a Atxg ^ (2j2) 



+ P E E {lk^([(A'X(^),0),0 2 ],M)}(r,^(^)'X(^)) 

M £ r£\r 2 Atxg A z(2i2) 

= P" 4W ^ [x- ( % ) - *] ^ * ( " i ) ' X ( " i ) ) + P~ 4k+8 ^M (r,z(\)). 

Thus we obtain the formula of Kq :1 (t, z) for the case p\f. If pj(f, then by a straightfor- 
ward calculation, we have L* Q l = iP^i . Hence 

= P~ 4k+6 E E {l|^([(A,0),0 2 ],M)}(r,,(^)) 

Mer(<5 ,i)\r 2 Aez( 2 > 2 ) 

x E Gj}(A 2 + (0,«2)) 

= p- 4fc+7 [rg } : r(5 0ll )] E E {l|^([(A,0),0 2 ],M)}(r,z(^)) 

Mer£»\r 2 Aez( 2 . 2 ) 
= p- 4fc+7 (p+l)£; fe)>1 (r,z(%)). 

Here we used [r£ } : r(<? 0) i)] = [GL 2 (Z) : GL 2 (Z) n 5 ,iGL 2 (Z) = p+ 1. Thus we 
obtain the formula of -K"o,i( r > z) also for the case pj(f. 

Finally we shall calculate Kq 2 (t, z). We remark that for a matrix X = ( \ \ ) and for a 
A G Z( 2 - 2 ), the condition A*X GZ' 2 - 2 ' (* °) is equivalent to the condition A G (g °). 
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if AGZ^^g?), 



E gJ}(a + ((),«,)) - if A ^ Z (2, 2)(s o ) . 



Therefore 



p - 3k+ 2 E {l|^([(A,0),0 2 ],M)}(r,z(^)) 

x E G%(\+(0,u 2 )) 



M 2 6(Z/pZ)( 2 > 1 ) 
-3k+2 



V 

M 6 rg)\r 2 Aezt 2 - 2 ' 



E E P 3 (^){l|^([(A,0),0 2 ],M)}(r,z(^)) 

p- 3 ^(^)j- E E {lk^([(A(g?),0),0 2 ],M)}(r,z(g?)) 



Afer£\r a a«( 2 . 2 ) 

E E {lkM([(A,0),0 2 ],M)}(r^(^)) 

Mer£\r 2 Aez< 2 , 2 ) 



Hence we conclude the lemma. 



□ 
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Lemma 7.2. For M. e Syrn^ let D and f be as in Lemma \7J\ For any prime p we 
obtain 



'p- 3k+6 E kM (r, z (* °)) +p- 3k+7 E kM[(? o^(r, z) ,f ,,//. 



o i 



*i,i( T >*) = {p- 3k+b E k Mr,z{^l))+p- 3k+ \p-l)E kM {r,z(l\)) 

+P- 3k+7E k Mi^ 1 ) ] ^z) if P \f, 



p-' k+l0 E kM ,^z{i\)) ifPlf, 



KU(r,z) = p- 2k+3 (^)E kM {r,z(l\)) 



-p- 2k+ H^f)E h a ,^om(t,,) 



Kl^z) = p- 4k+ "{^)E kM {r^(ll)) 



M(5!)]' 

«Ur,z) = p- 3k+ \p-l)E kM ^z{l\)). 

Proof. For the calculation of E\~ % we need to determine the set L\ the value of the 
summation + (0, m 2 )) and a complete set of the representatives of 

r(5jj)\r^. The table of these are given in §8.31 in the appendix. 
For the calculation of K° 1 we use the identity 

E E F ^ 

= E ^(a) + (p-i) E F (Ms?))+p 2 E F ( A 

Aez( 2 > 2 ) Aezt 2 - 2 ) Aez( 2 . 2 ) 

where F is a function on Z^ 2 ' 2 ) such that the above summations are absolutely convergent. 
The proof of this identity will be given in Lemma 18.41 in the appendix. 

The rest of the calculation is an analogue to Lemma l7TTj hence we omit the detail. □ 



7.2. Proof of Theorem 11.41 In this subsection we conclude the proof of Theorem II .41 
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Let M. = (t i) G SymJ be a matrix which satisfies det(2.M) = m. Let D , f be as 
before, namely Dq is the discriminant of Q(a/— m) and / is the positive integer which 
satisfies — m = D Q f 2 . 

We define E k>m = E km := i M {E kM ), where the map lm is defined in §4.41 We remark 
that E k)7n is well-defined, namely it does not depend on the choice of M. (cf. §6.21 ) 
The form e kjm '■= G J^K m was defined as the Fourier- Jacobi coefficient of the 

generalized Cohen- Eisenstein series n? \ of degree 3 (cf. JO). And, due to Lemma H~2| 

we have e k>m = L M (e k)M ). 

By Proposition 14.41 and by Proposition 13.31 we have 

ek,rn\V a ,2-a(p 2 ) 

= P 5fc - I1+ ^^ [(P0)] (5>(9) { E k M[^\ V ^{ P 2 )){r,zW d ) 

\d\f 

The forms E k ^\V a ^- a {p 2 ) (ot = 1,2) have been calculated in §7.1[ and are written as 
linear combinations of three forms E^ M ^ x -ifp ) _1 ]( r ' z ( P i ) ^ ( P i ))> -^fc,x( r ) 2 ( P i )) 

and E kM ^p ^(r, z). We recall the definitions of V^y and V 2 y : 

efc,m|^i,p = P~ fe+ ^e fc , m |V M (p 2 ), 
e k,m\V^ 2 p } = e k , m \V 2;0 (p 2 )- 

Because we defined E k ^ m = L M (E ktM ), we have 

E k> ™(T,pdz) = L M[ ( P i ^ ] (E kM[tWd -i ] (*,*W d ( p x)))(r,z) 

and 

^(^) = ^(%)](\M^-x- 1 (%)- 1 ] (*'*^( P i) tX ( P i)))(-^)- 

Now we shall calculate ek,m\Vi^ ■ Due to Lemma \7A\ and due to the above identities, 
we have 

e k ,m\V^ = A 1 + A 2 + A 3} 
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where 



d\f 

A 2 : = }^ {E k ^(rydz) +P E k ^(r, P dz)}g k [-) 

d\f 

^=0 mod p 

+ (P + 1 ) E k,%(T,pdz)g k ^ 

d\f 

■^^0 mod p 



and 



£ 

d\f 
+P 



-P 



k-2 



P 



E k mp 2 (r, dz) 



k-2 



V 



E k ^(r,pdz) j> g k (^j . 



By using Lemma 13.21 we have 



A x = p 2k 4 ^E ki ^(r,pdz)g k (^j +^2E kni ^(r,dz)g k 

d\f d\f ' d ' 2 



d\f 



mp 



Yl E k ^ T ^ dz )9k(^ 



I 



d\f 
^0 mod p 
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+S(p\f)P Y E k,%( T >P dz )9k(^) 

d\f 

^=0 mod p 

+P Y E k,%( T ,P dz ) 9k{^) + Y E k,^( r ,Pdz) #fc( 
d\f d\f 
mod p mod p 

( m 



= mf)P 2k - 3 Y E ^y^4^ 

rltl V V 



\ 



-s(p\f)[y)P 



Y E ^ T ^ dz )9k{^) 



^0 modp 



+p Y Ek ^ pdz ^ 9k (S) + E E k 2% ( r ' # fe 

d\f ' d\pf '" Sr " 

^r^O mod p 

where we used the identities 

'D f 2 /dY\ ( Dq \ / ,/ 



and 



p 2 m 



and we have 



P / \P J \ Pd 



s(p\f)p Y +p Y = p Y > 

<*l/ d\f d\f 

■£=0 mod p mod p 



^0 mod p 
■i^O mod p 
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Thus, due to Proposition 13.31 we obtain 

ek, m \V$ = p 2k - i ^E kt ™{T,pdz)g k (^J + pJ2 E k,^(r,pdz) g k (^j 

d\f d\f 

E mp 2 (r, dz) g k —— + V E p2m (r, dz) g k 

dlf k ^ ^ fe -v v 

^jf^O mod p 

+mf) P 2k - 3 J2E k ^(rydz)g k ^ 



p 2 m 



mod p 



■£^0 mod p 



£ mp2 (r, dz) # fe — - 
d \f P ^ V * ' 

+mf) P 2k - 3 J2E k ,^(rydz)g k (j^ 



<i[/ 

p (p 2fc ~ 5 + 1) e fc>m (r,p2;) 



+e fc , mp 2(r, z) +p 2fe 3 e fc ,™(r,p 2 z) + ( —— ) / 2 e fcjm (r,pz). 



P 



(2) 

Hence we obtain the identity for e k)Tn \V^J . 

(2) (2) 

Because the calculation of e^mlV^J is an analogue to the case of ek,m\ViJ , we omit 
the detail. □ 



7.3. Proof of Corollary 11.51 In this subsection we shall show Corollary 11.51 
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By the definition of Vi p , T 2j i(p ) and of Sp and by substituting z = to e^(r, z) 
we obtain 



^(P 2 ))(r) = (eg,|^)(r,0) 



eill(p(p 2/c - 5 + l)+4 2) ))^°) 



P(p 2fe ~ 5 + l)<^(^0) + e^ 2m (r,0) 



,(2) 



(2) 



fc-2 



— m 



ell(r,0)+p— <Ur,0). 



2fc-3j2) 



Therefore 



a/ (3) 
ft. i 

K 2 



r 
co 



T2AP 2 ) 

E((4 2 L(*,0)|r 2>1 ( P 2 )) (r)) e 

m 



2iry/—lmu) 



—m 



P 



2fc-3 (2) 



'7? 



,27rV — Xmui 



ay (3) 

K 2 



Similarly, we have 



r 
w 



(p^ + ij+r^)). 



0/(3) 
ft, 1 

fc ~2 



0/(3) 
K_ 2 



r 

u 

r 

u 



T2AP 2 ) 



2/,— 4 _ p2fc-6 



+ p(p 2fe - 5 + l)T 1 (^)). 



□ 



8. Appendix 

8.1. Values of some generalized Gauss sums. In this subsection we shall give the 
values of generalized Gauss sums G^J(A) and G^(A), which are defined in §5.21 For 
odd primes these values follow from the result in |Sa 91] . We need these values for the 
calculation of Rf- in £ 17.11 

In this subsection we fix a matrix Ai = ( * | ) £ Sym^ . 
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Lemma 8.1. Let p be an odd prime and X = (^?) G 7P^ be a matrix such that 
M = l X ( £ ° ) X mod p. Then, for A G iP^ we have 



E 



x£Sym 2 {Z/pZ) 
rank p (x)=l 



P 2 -l 
p 2 -l 



e { -M'XxX 

,P 



if rank p (X l X) = 0, 



if rankp^X) = 1 and X l X = (A', tX') mod p 
with t such that u + t 2 G pZ,, 
z/ ran£; p (A'X) = 1 and X l X = (A', tX') mod p 
wz't/i t such that u + t 2 pZ, 
z'/ A*X = (0, A') mod p with X' £ (pZ)^ 1 ), 
^f)p-l ifrank p (X t X) = 2. 



For p = 2 there exists a matrix X 
Then, for X G Z^ 2 ' 2 ) we have 



ID such that M = l X 



X with r = or 1. 



E 



xeSym 2 (Z/2Z) 
ran/c2(x)=l 



r ( ^.M*AxA 



-1 + 2(1 + (-1) 



-l + 2(l + (-l) u ) 

-1 
-1 

1_ 2(1 _(-!)«) 



ifrank 2 {X t X) = 0, 
ifrank 2 {X t X) = 1 

and A*X = (A',tA') mod 2 

and tX^MX- 1 = 
z/ rank2(X t X) = 1 

and A*X = (A',tA') mod 2 

and 'Jf^A/LY -1 
z/ rank 2 {X t X) = 1 

and A*X ee (0, A') mod 2, 
z/ ranA^A'X) = 2 

and tX^MX- 1 ■ 
ifrank 2 (X t X) = 2 

and tX^MX- 1 



u N 
1 ) i 



Proof. For odd prime p this lemma follows from |Sa 91\ Proposition 1.12]. 



For the case p = 2 we can directly calculate G%(X). The details is omitted here. □ 
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Lemma 8.2. Let p be an odd prime and X = G Z^ 2 ' 2 ' be a matrix such that 

.M = *X ( ft ° ) X mod p. Then, for A G lP> 2) we have 



e { -M'XxX 
p 



<3?(A) 

E 

rank p (x)=2 

p 2 (p - 1) if rank p (X t X) = 0, 
p2(p_!) tfrank 2 (X t X) = l 

and A*X = (A', £A') mod p wit/j t such that u + t 2 G pZ, 
i/ rank 2 (X t X) = 1 

and A*X = (A', tA') mod p wii/i t such that u + t 2 G" pZ, 
i/ A'X = (0, A') mod p A' G" (pZ)^ 1 ), 

-(^)p ifrank p {\ t X) = 2. 

For p = 2 inere exists a matrix X = ( * ? ) sncn t/iat .M = 'X ^ " f j X wit/i r = or 1. 
Then, for X G lP J,2 > we have 



= < 



G 2 £{X) = ef^Xxx) 



xeSym 2 (Z/2Z) 
rank2(x)=l 

4 ifrank 2 (X t X) = 0, 

if rank 2 (X t X) = 1 
2(1 + (-l) u+ *) and A'X = (A', tA') mod 2 
and l X~ l MX- 1 = («?), 
i/ rank 2 (X l X) = 1 
2(l + (-l)«) and X l X = (X',tX') mod 2 
and ^"^MX" 1 = (l J) , 
z/ rank 2 (X t X) = 1 
and A*X = (0, A') mod 2, 
ifrank 2 (X l X) = 2 
and tjr^MX" 1 = («°), 
ifrank 2 (X t X) = 2 






-2(-l) M 



and ^"^MX" 1 = 
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Proof. For odd prime p, this lemma follows from |Sa 911 Theorem 1.3]. For the case 
p = 2 we can directly calculate G^§(\). We omit the detail. □ 



(2) (2) 

8.2. Index-shift maps V^J, V^y and Fourier coefficients. Let 



(r,z) 



C{T, S) e(Tr + S l z) 



T£Symt,,SeZ < - 2 ^ 
4Tm-S t S>0 



be the Fourier expansion of G JjfK m - In this subsection we shall express Fourier 

coefficients of 4>\v} 2 J and 4>\V^ as a linear combination of C(T, S). 
For any prime p we put 

R(p) ■= {(of). (-10) l^modp}, 
^G° 2 ) : = {(o i) > (-1 o) l x m odp 2 , y modp} . 



Then, the action of the index-shift maps V$ and V$ can be written as 



r(2) 



\V$)(t,z) 



^2 ^2 a i,i,j( T i s ) e ( TT + Sz )> 

4Tmp 2 -S t S>0 

^2 ^2a 2 ,i,j(T,S)e(TT + Sz), 

4Tmp 2 -S t S>0 



where, for odd prime p, we have 

a 1X0 (T,S) = p 2k ~ 4 C 

ueR(p) 



P 



-i 



1 



-i 



1 f p- 1 

p 



US 



ueR(p) 



ai,2,o(r, S 1 ) 



P J p 

' (f)p fe - 2 C(^^) ifp/aandp|det2T, 
(^)p fc_2 C(^^) if p|a andp|det2T, 
otherwise, 
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U£R{p' 2 ) 

2r 



TT^T}I„\ \ " / 



xC [ I ^ , Wtff ^ , Vi^" 1 , 11/5 

p 



17V l 



w /iere( * * | = [/TO, 
* cu 



"2,2,0 (T", 5) 



c/eR(p) 

where f au * ^ = C/T*?7, 

-p*-°C(T,lS) ifp/det2T, 

(p - l)p 2fc - 6 C(T, i5) if p\ det 2T. 



For p = 2 we have the same ^^(T, S) and ai2,ij(T,S) in the above formula by re- 
placing the condition p\ det(2T) or p/det(2T) by8|det(T) or 8/det(T). (cf. |H-I 051 
section 4.2].) 



8.3. The function K\ ' ■ for n = 2. In this subsection we shall give some necessary 

data for the calculation of K?~ l , namely we need these data for the proof of Lemma IT721 
We put 

Hp) ■= {(iO.tf/lk modp}, 

L (P 2 ) {(I i)> (i py) \ x modp 2 , y modp}. 
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Then we have the following table: 



(hj) 


£ G^°\\ + (0,u 2 )) 




T* 




(2,2) 


1 


\pZZ) 


i 


(1,1) 


1 


< 


f(izz) if Pl/ 

I oh) tfp// 


L{p 2 ) 


(0,0) 


1 


\ 


^■ 2 > ' ifp// 


1 


(1,2) 


f if A G pZ x Z 
|p( Do/2 ) ifAG>ZxZ 


( pZ z\ 
\ z z) 


L(p) 


(0,1) 


f if A G pZ x z 
|p^ o/2 ) ifA^pZxZ 


< 




L(p) 


(0,2) 


p 2 (p- 1) 




1 



8.4. Certain summations. In this subsection we shall give some formulas which are 
needed for the proof of Lemma 17.11 and 17.21 Let notation be as in §5.11 and §5.21 



Lemma 8.3. Let F be a function on Z 1 - 2,2 ^. Then we obtain 

E E F ? AX ) = E F ^+p E nmi)), 

(£ t/^er^Arg XeL *>* AeZ(2 ' 2) AeZ(2 ' 2) 

if the above summations are absolutely convergent. 

Proof. A bijection map r(5i j2 )\r£ ) ->■ 5 ly2 GL 2 (Z)5^ l 2 n GL 2 (Z)\GL 2 (Z) is given via 
A Thus 

E E *w E E *w 

t^iJer^aArg' Aei *.2 Ae5i, 2 GL 2 (z)a^nGL 2 (z)\OL 2 (z) AeL* 2 

Now we have L* 12 = { ( £ ) G Z< 2 - 2 ) | Ai G pZ x Z, A 2 G Z x Z} . We define 

£(p) == {(i?) .(? ?) I* ™odp}. 
Then L(p) is a complete set of representatives of <5i i2 GL 2 (Z)<57/ 2 H GL 2 (Z)\GL 2 (Z). For 
( & ) G Z^' 1 ), we define 5/ a) := {a G L(p) | (?) G L* 2 }. We obtain 



p + 1 if a = 5 = mod p, 
1 otherwise. 
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Hence 



E E F ( tAX ) 

Ae8 1;2 GL 2 (I,)S^lnGL 2 (I,)\GL 2 (I,) ^L{ 2 

(p+i) e E F ( A ) 



Lemma 8.4. Let F be a function on . Then we obtain 

E E F^AX) 

= E *xa) + (p-i) E nA(s;))+P 2 E F ( x ( p oi))' 

Aez(2,2) Aez(2.2) Aez(2,2) 

i/ the above summations are absolutely convergent. 
Proof. We have 



□ 



E E F( f AX) 

E E f ?ax). 

Ae&i iGL 2 (Z)57l<lGL 2 (Z)\GL 2 (Z) \c( P 2 % 

V z z/ 

We define L(p 2 ) := {(ii),(i^) | x mod p 2 , y mod p}. Then L(p 2 ) is a complete 
set of representatives of 5 ltl GL 2 (Z)5^l n GL 2 {Z)\GL 2 {Z). For (?) G Z^ 2 - 1 ), we define 

S^oj := I A G £(p 2 ) I (g) G ( P 2 Z z)}" ^ y a straightforward calculation we obtain 

p 2 +p if p 2 1 a and p 2 \ b, 
p otherwise. 
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Hence we get 



E E F^AX) 

AeSi,iGL 2 {Z)S^lnGL 2 (Z)\GL 2 (Z) \ e (p 2 % Z\ 

V z zJ 

F(\) + (p-i) Yl F ^ + p 2 E 

□ 
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